A RESONANCE PROBLEM IN WHICH THE NONLINEARITY MAY GROW LINEARLY SHAIR AHMAD1
ABSTRACT.
The purpose of this paper is to study a semilinear two point boundary value problem of resonance type in which the nonlinear perturbation may grow linearly. A significant improvement of a recent result due to Cesari and Kannan is given.
We consider the boundary value problem (1) u" + u + g(u) = h(x), u(0) = u(ir) = 0, (2) g(-oo) j sin x dx < j h(x) sin x dx < g(oo) j sinxdx, Jo Jo Jo then it follows from a slight variation of a well-known theorem due to Landesman and Lazer [3] that (1) has a solution. If the limits of g at ±oo exist and g(-oo) < g < (/(oo), these conditions are also necessary for the solvability of (1). We show that if g satisfies an additional restriction, then (2) implies the existence of a solution of (1) even if one or both of the numbers ¡7(00) and g(-00) is infinite. As will be shown in a remark after the proof, the following result is a strong improvement of the main result in [1] . For the case in which the inequalities (2) are reversed, see, for example, [4] . Other solvability conditions in the absence of the Landesman-Lazer conditions are given in [5 and 6] .
THEOREM. // there exist numbers 7 and r, r > 0, with 0 < 7 < 3 such that (3) 9(0/t<l, \î\>r and (2) holds, then (1) For each s in [0,1] we consider the boundary value problem (1 -$(x))g(tl), then <?2(£) is bounded on (-00,00), and (2) and (3) imply the existence of a number m such that (5) m<gi(0/^<l for £ 7^ 0. Setting </(£)/£ equal to 0 when £ = 0, we may assume that (5) holds for all £, £ e (-00,00). If we assume that the claim is false, then there exists a sequence of numbers {sn}^=l in [0,1] and a corresponding sequence of functions {wn}i° such that un is a solution of (4) when s -sn and |un|oo > n f°r ah n-If we set vn = un/|Mn|oo for all n, then (6) vn + vn + pn(x)vn = hn(x), vn(0) = vn(n) = 0, where We assert that w(x) ^ 0 for all x in (0, it). Indeed, since w(x) ^ 0 and 1 + p(x) < 1 + 7 < 4 a.e., if w(£) = 0 for some £ in (0,7r), then, by the Sturm Comparison theorem, every nontrivial solution of y" + Ay -0 will have to vanish on each of the intervals (0, £) and (£, 7r). Since sin2i has one zero on (0, it), the assertion follows. We will assume that w(x) > 0 for all x in (0, it), and arrive at a contradiction. The alternative w(x) < 0 on (0, it) will also lead to a contradiction.
Since t¿> is a nontrivial solution of (11), w'(0) > 0 and w'(n) < 0. Since
as n -> oo in the norm of C^O, it], it follows that un(x) > 0 on [0,7r] for large n. Consequently (2) implies that the function
is bounded below on [0,ir] independently of n. Since |u"|oo ^ oo as n -> oo and w(x) > 0 on (0,7r), it follows that un(x) -» oo uniformly on compact subintervals of (0, it), and hence, by (2), we have N(-, 1) ,D,0).
Hence u = N(u, 1) has a solution which is a solution of (1). This proves the theorem.
REMARK. Cesari and Kannan [1] consider problem (1) under the assumption that g is nondecreasing (actually, they write the differential equation in the form u" + u -g(u) = h and assume g to be nonincreasing).
They assume that there exists a constant 7 with 0 < 7 < 0.443 such that \g(£)\ < c + 7|£| for some c, c > 0. They further assume that limsup0(£)/£ = 7 = -liminf g(£)/í-£^00 £^-00
Obviously these assumptions imply that g(00) = 00 and g(-00) = -00, so that (2) holds trivially. Also their assumptions imply (3) (with a different 7, 7 < 3). Hence their result is a special case of our theorem. We emphasize that in Theorem 1 it is not necessary that g be monotone. Moreover, since the problem u + u + 3u = sin 2i ii(0) = u(ir) = 0, has no solution, the condition 7 < 3 is sharp. Cesari and Kannon's condition that 7 < 0.443 improves the condition 7 < 0.24347 obtained earlier by Schechter, Shapiro and Snow in [7] . In [7] it was assumed that g is odd as well as nondecreasing.
